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Abstract 
In this work, a micromechanics approach is proposed for correlating the dependence of the macroscopic (or effective) stiffness 
and strength properties of concrete on the sizes of aggregate particles with the existence and damage of interfacial transition 
zones. Next, this approach is applied to concrete consisting of a paste with spherical isotropic aggregates. 
© 2009 Elsevier B.V. All rights reserved 
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1. Introduction 
The macroscopic mechanical properties of concrete are usually estimated and calculated while assuming that the 
interfaces between aggregate particles and cement paste are perfect in the sense that the displacement and traction 
vectors are continuous across them. In reality, the microstructure of concrete often exhibits thin interfacial transition 
zones (ITZ) between aggregate particles and cement paste (see, e.g., Taylor1). At the macroscopic level, several 
experimental observations have clearly shown that the macroscopic stiffness and strength properties of concrete 
depend on the sizes of aggregate particles. The main objective of the present work is to develop a micromechanics 
approach correlating the dependence of the macroscopic (or effective) stiffness and strength properties of concrete 
on the sizes of aggregate particles with the existence and damage of interfacial transition zones. 
Inspired by the works of Gurtin and his coworkers (Gurtin & Murdoch2; Gurtin et al.3), a thin interfacial 
transition zone is first modeled as an imperfect interface of zero thickness whose damage state is characterized by a 
scalar damage variable. At the same time, the damage state of cement paste is described by another scalar damage 
variable. The equivalent inclusion method proposed by Duan et al.4 is then applied to obtain the macroscopic elastic 
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Fig. 1 cement-based material of two-phases cement paste with imperfect interface  
moduli of concrete for a given interfacial damage state and a given cement paste damage state. The effective elastic 
moduli thus determined depend clearly on the sizes of aggregate particles and the effective strain-energy depends on 
the introduced damage variables. The first and second strain and stress moment averages over each phase and on the 
imperfect interfaces are derived. To establish the evolution laws for the damage variables, the continuum 
thermodynamics of irreversible processes with internal variables is used. In particular, the case of spherical isotropic 
aggregate particles embedded in isotropic cement paste is studied in detail to illustrate the established multiscale 
approach. 
2. Material constituents and interface model 
In Fig. 1, the representative volume element (RVE) of concrete is denoted by Ω. The sub-domains of Ω occupied 
by aggregates and cement paste are denoted by Ω1 and Ω2, respectively. The interface Г between Ω1 and Ω2 has the 
normal unit vector n  and is assumed to be imperfect. It is described by the coherent interface model. According this 
model, the displacement vector u  across Г is continuous but the traction vector t  suffers a jump which must satisfy 
the Young-Laplace equation: 
 
 [ ] ss =  div−t σ . (1) 
In this equation, [ ]t  is the traction jump and ssdiv σ  is the surface divergence of the interface stress tensor sσ . The 
material behavior of the interface is characterized by the two-dimensional Hooke law: 
 
 
s s s
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where sε  represents the surface strain tensor and SC  is the fourth-order elastic stiffness tensor of the interface. In 
the isotropic case, the surface stiffness tensor takes the form: 
 
s s s s s s
s s
1
  =  2k 2   with    =    and    =  
2
μ+ ⊗ ⊗ −C J K J K JP P P P  (3) 
where =  − ⊗n nP  I  is the second-order tangent projection operator. 
The damage state is described though introducing an interface damage scalar η  on which the interface stiffness 
tensor s ( )ηC  depends as in continuum damage mechanics. 
3. Average second order stress and strain moment 
The Hill-Mandel lemma for the composite with the imperfect interface in the homogeneous boundary conditions 
can be written as: 
 :   =  :< > < > < >ε εσ  σ . (4) 
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In this formula, < >σ  contains the contribution of the interfaces stresses that are discontinuous. Taking the first 
variation of the above equation yields (see, He5):  
 ( )*:   =  /  :: αα< > ∂ ∂ < > ⊗ < >C Cε ε ε εΤ . (5) 
In the case where the phases and interface are all isotropic, we have the following results: 
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where *C  is the effective elastic tensor of concrete that can be obtained through the equivalent inclusion method 
(Duan et al.4).  
4. Damage model accounting for the interface debonding 
Incorporating the interface damage, the macroscopic strain energy can be written as 
 
*1
 =  : ( , ) :
2
d ηΨ CE E . (8) 
The thermodynamic forces associated with the interface damage variable η  are given by 
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in which ( ) ( )* / :: S∂ ∂ ⊗C C E EΤ  is the quadratic average strain in the interface. 
From the equation (8), the incremental constitutive equation can be written as  
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Accounting for the damage criterion ( ), 0f Fηη η ≤ , the incremental stress-strain relation reads 
 =  :t
• •
C E Σ   (11) 
with the tangent stiffness matrix 
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where the matrices and d ηλ λA A  allow to calculate the damage multipliers and 
d ηλ λ , respectively. With the help of 
the following damage criteria: 
 ( ) ( )( , )  =     0 and  ( , )  =      0d dd df F F f F d F dη ηη ηη η− ≤ − ≤R R , (13) 
the damage multipliers and d ηλ λ  are obtained as follows 
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In the following, we apply the model obtained to the particular case of the isotropic material behaviour subjected to 
an uniform volumetric strain on the surface ∂Ω . The aggregate in concrete has the form of spherical inclusions of 
radius r . The damaged interface moduli are related to the undamaged ones and the damage variable by the relations 
 0 0 =  (1 )  and    =  (1 )s ss sk k αη μ μ βη− −  (16) 
where α  and β  are two material parameters. Finally, we have 
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From the two above equations, we see that the tangent elastic stiffness tensor is also a function of the aggregate 
radius r . This implies that the model shows the dependence of the macroscopic (or effective) stiffness and strength 
properties of concrete on the size of aggregate particles.  
5. Conclusion 
In this paper, we derive a new aggregate size dependence macroscopic model through considering the effect of 
the interfacial transition zones. It remains to identify the involved material parameters and to validate the proposed 
model in an experimental way. 
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